Abstract. The Hall-magnetohydrodynamics system has a long history of various applications in physics and engineering, in particular magnetic reconnection, star formation and the study of the sun. Mathematically the additional Hall term elevates the level of non-linearity to the quasi-linear type while similar systems of equations such as the Navier-Stokes equations, as well as the viscous and magnetically diffusive magnetohydrodynamics system are of the semi-linear type. Consequently, the mathematical analysis on the Hallmagnetohydrodynamics system had been relatively absent for more than half a century, and only started seeing rapid developments in the last few years. In this manuscript, we survey recent progress on the mathematical analysis of the Hall-magnetohydrodynamics system, both in the deterministic and stochastic cases, elaborating on the structure of the Hall term. We list some remaining open problems, and discuss their difficulty. As a byproduct of our discussion, it is deduced that the two and a half dimensional Hall-magnetohydrodynamics system with viscous diffusion in the form of a Laplacian and the magnetic diffusion in the form of a fractional Laplacian with power 3 2 admits a unique smooth solution for all time.
Introduction
The pioneering study of the Navier-Stokes equations (NSE) by Leray in [31] , and those of the magnetohydrodynamics (MHD) system by Batchelor in [4] and Chandrasekhar in [14] were followed by generations of researchers in applied sciences including mathematicians. The Hall-MHD system has a long history of its own; initiated by Lighthill in [32] only a decade after the works of [4, 14] , this system has found rich applications such as the study of the sun (e.g. [5] ), star formation (e.g. [38] ), turbulence (e.g. [35] ), as well as magnetic reconnection (e.g. [16, 25] ). However, it was as late as 2011, more than half a century after the work of Lighthill in [32] , that Acheritogaray et. al in [2] provided a mathematical research on the Hall-MHD system of significant importance that has been able to play the role of a steppingstone for further advancements to follow.
In this manuscript, we discuss the unique mathematical difficulty that the Hall-MHD system possesses, and how the recent surge of effort by mathematicians developed following the work of [2] in both deterministic and stochastic cases. We discuss many open problems that seem to be of much interest as well as difficulty. As a byproduct of our discussion, we prove that the 2 . While the proof is standard, the author was not able to locate this result in the literature; it is stated and proven in this manuscript in hope that it leads to further development in the near future. We end with a section devoted to concluding discussions listing the open problems which were mentioned throughout this manuscript, and an Appendix in which we collect some well-known lemmas for readers' convenience.
Deterministic case
Firstly, we denote by u(x, t) = (u 1 , . . . , u N )(x, t) and π(x, t) the velocity vector and pressure scalar fields where x = (x 1 , . . . , x N ) is an element of either R N or T N , respectively. For simplicity we will restrict our discussion in this manuscript only to N ∈ {2, 3}, although some generalization to higher dimension is possible for the systems (1a)-(1c) and (2a)-(2d). Furthermore, we represent by ν ≥ 0 the viscous diffusivity, f (x, t) = (f 1 , . . . , f N )(x, t) the forcing term, u 0 (x) the given initial data, and ∂ t ∂ ∂t so that ∂ t u + (u · ∇)u + ∇π = ν∆u + f, t > 0, (1a)
u(x, 0) = u 0 (x),
represents the NSE if ν > 0 whereas the Euler equations if ν = 0. Secondly, let us denote by b(x, t) = (b 1 , . . . , b N )(x, t) and j ∇×b, the magnetic and current density vector fields, respectively. Furthermore we represent by η ≥ 0 the magnetic diffusivity, (u 0 , b 0 )(x) the initial data, replace f in (1a) by the Lorentz force j × b, and couple it with the Maxwell's equation from electromagnetism so that
(u, b)(x, 0) = (u 0 , b 0 )(x),
represents the MHD system. Finally, let us denote by > 0 the Hall parameter and write down the Hall-MHD system as follows:
we refer to − ∇×(j ×b) in (3b) as the Hall term. Let us point out that for the Hall-MHD system (3a)-(3d), it is not interesting to consider the two-dimensional (2-d) case in which we take u = ( , s ∈ R, the Lebesgue, homogeneous, and inhomogeneous Sobolev spaces, respectively. Finally, for simplicity we also denote X (u, b) and X 0 (u 0 , b 0 ).
The most fundamental property of the solution to these systems of hydrodynamics is the bound on low regularity, specifically its kinetic energy and cumulative energy dissipation and diffusion. For the solution to (1a)-(1c) with zero forcing term for simplicity, we see that taking L 2 -inner products in (1a) with u results in
for all t in an interval over which the solution exists, due to the crucial cancellation of
and even more simply π · ∇u = 0 by (1b). Another important identity is needed in deducing higher regularity of the solution u to the system (1a)-(1c) with zero forcing. Applying Λ s to (1a) with f ≡ 0 for s > 1+ N 2 and taking L 2 -inner products with Λ s u, we reach
If we use the standard product estimate Lemma 5.1, then we obtain an undesired term in which all the derivatives Λ s is applied on ∇u while none on u; such an unbalanced term is typically hard to handle in energy estimates. In fact, this may be avoided by realizing that due to (1b), we may write
so that the Kato-Ponce commutator estimate Lemma 5.2 may be applied instead to bound by
due to the Sobolev embedding of H s → W 1,∞ . Applying (8) to (6) , it can be shown immediately that given an initial data sufficiently smooth, e.g. u 0 ∈ H s for s > 1 + Moreover, in the 2-d case, we may estimate
due to Hölder's inequality, Kato-Ponce commutator estimate Lemma 5.2, GagliardoNirenberg's inequality, and Young's inequality. Applying (9) to (6), we immediately deduce H s -bound of the solution u to the NSE (1a)-(1c) with f ≡ 0, ν > 0 so that the unique smooth solution in fact exists for all time t > 0.
In the case of the MHD system (2a)
We observe that the first two integrals vanish identically as in (5) due to (2c), and even though the third and fourth integrals do not vanish individually, they actually do vanish together as follows:
Therefore, analogously to (4), the solution X to the MHD system (2a)-(2d) also has an identity
for all t in an interval over which the solution exists. Concerning the necessary identity for higher regularity estimate, applying Λ s for s > 1 + N 2 to both (2a) and (2b), and taking L 2 -inner products in (2a), (2b) with (
We observe that the I 1 and I 2 may be handled identically as (7) using (2c). Although it is slightly less obvious, I 3 and I 4 may be again combined together to transform it in the form to which the Kato-Ponce commutator estimate Lemma 5.2 is applicable; indeed,
due to (2c). Therefore, analogously to the case of the system (1a)-(1c), we are able to obtain estimates analogous to (8) and (9), specifically
These estimates allow us to understand that given an initial data sufficiently smooth, e.g. X 0 ∈ H s for s > 1 + Moreover, we also see that in the 2-d case, if ν > 0, η > 0, then the unique smooth solution exists for all time t > 0 (e.g. [36] ).
In the case of the Hall-MHD system, similar cancellation on the Hall term using (3c) becomes much less obvious. More formally, in particular in the case ν > 0, η > 0, we realize that the system (1a)-(1c) and (2a)-(2d) are second order semi-linear while the system (3a)-(3d) is second order quasi-linear, and thus naturally a lot of proofs concerning regularity of the solutions to (1a)-(1c) and (2a)-(2d) are not expected to go through for the system (3a)-(3d). This may be one of the reasons why the mathematical development on (3a)-(3d) was relatively less active for more than half a century in comparison to that on the systems (1a)-(1c) and (2a)-(2d).
Nevertheless, it turns out that there actually is a vector calculus identity that may be utilized to cancel out the Hall term. Let us recall that for any Ψ, Θ ∈ R 3 , the following identity holds:
Therefore, upon taking L 2 -inner products in (3a)-(3b) with (u, b), we realize that
due to (17) so that using previous computations on the MHD system such as (10)- (11), we are able to deduce (12) again. This lack of contribution from the Hall term in the energy identity is in particular utilized in [2] , and consequently the Acheritogaray et. al in [2] were able to prove the global existence of a weak solution for the three-dimensional (3-d) Hall-MHD system (3a)-(3d) with ν > 0 and η > 0 in T 3 ; let us state it here formally: Concerning higher regularity estimate, Chae et. al in [7] observed that upon applying
an integer, to the 3-d case of (3a)-(3b) and taking L 2 -inner products with (D γ u, D γ b), we may write
due to (17) . This allows us to estimate this Hall term by
due to the well-known vector calculus identity of (20) crucially requires η > 0, in sharp contrast to the previous estimates of (8) and (16a) for the systems (1a)-(1c), and (2a)-(2d), respectively. Precisely for this reason, Chae et. al in [7] proved that if ν ≥ 0, η > 0, and
The fact that the standard approach toward proving the local theory of existence and uniqueness for the system (3a)-(3d) seems to require η > 0 and a magnetic diffusion of at least −η∆b is well documented in [10] . Therein Chae et. al considered the following generalized Hall-MHD system:
and proved using Besov space techniques that the local existence and uniqueness of the solution to this system still holds even if ν = 0, η > 0, β > 1 2 . To the best of the author's knowledge, it has not been proven whether or not this result may be extended to the case ν = 0, η > 0, β ∈ [0, 1 2 ] and in particular if ν = 0 and η = 0. We emphasize again that this is in sharp contrast to the systems (1a)-(1c) and (2a)-(2d) for which the local existence and uniqueness of their solutions are well-known with zero viscous diffusion and zero magnetic diffusion.
Let us now briefly describe many other results that appeared recently following the work of [2] . In addition to the local existence and uniqueness of the solution to the 3-d case of (3a)-(3d) with ν ≥ 0, η > 0, Chae et. al in [7] extended Theorem 2.1 to the case x ∈ R 3 , and also proved the following global existence and uniqueness of a smooth solution if given an initial data sufficiently small:
2 an integer, x ∈ R 3 , then there exists a universal constant K > 0 such that X 0 H s < K implies that the local unique smooth solution X ∈ L ∞ ([0, t); H s ) to the 3-d case of (3a)-(3d) is in fact a global solution.
This theorem was slightly improved by Chae and Lee in [8, Theorem 3] , but for latter discussion in the stochastic case, we emphasize that [7, Theorem 2.3] as well as [8, Theorem 3] required both ν > 0 and η > 0. Let us also mention some works on temporal decay estimates in [9] , ill-posedness in [11] , and partial regularity theory in [12, 13] .
Let us now discuss another open problem of much interest, in short the global existence and uniqueness of a smooth solution for the 2 1 2 -d Hall-MHD system (3a)-(3d) with ν > 0 and η > 0. It was the higher regularity estimates in (9) and (16b), together with square integrability in time of ∇u L 2 in (4) and ∇X L 2 in (12) , that allowed us to close the H s -estimate. In the case of the Hall-MHD system (3a)-(3d), it is clear from (20) that analogous estimates do not work; ∇b L ∞ is much bigger than ∇b L 2 and is not known to be square integrable in time from the basic energy identity (12) . In fact, as stated in [8] , whether the 2 (9) and (16b) is the Sobolev embedding which depends on the spatial dimension and not the number of components of the solution. An approach in trying to show the uniqueness of the global weak solution also seems to face immediate difficulty; this is described in detail in [41, Remark 2.1 (2)].
We may consider the 2 1 2 -d generalized Hall-MHD system (22a)-(22d) and ask how much additional magnetic diffusion is required in order to guarantee the global existence of a unique smooth solution. In this quest, let us prove the following result:
3 such that u 0 , b 0 are both divergence-free, there exists its unique solution
The proof of Theorem 2.3 is standard. Nevertheless, at the time of writing this manuscript, the author was not able to locate this result in the literature. In hope that it becomes the starting point toward this difficult problem, we prove it here in detail. 
Since we have this L 2 -bound, it suffices to now obtain theḢ 3 -bound. We apply
to both (22a) and (22b), take L 2 -inner products with (
Let us note the following Gagliardo-Nirenberg's inequalities:
The first three integrals in (25) may be estimated as follows:
by Hölder's inequality. In case |λ 1 | = 1, |λ 2 | = 2, we may bound from (27) by
due to (26b), (26d), (26e), Sobolev embedding ofḢ 1 2 → L 4 and Young's inequality. In case |λ 1 | = 2, |λ 2 | = 1, we bound from (27) by
+ c( u
due to (26a), (26c), and Young's inequality. Finally, in case |λ 1 | = 3, |λ 2 | = 0, we bound from (27) by
+ c( u 
by (17) . In case |λ 2 | = 1, |λ 1 | = 2, then we may bound from (31) by
due to Hölder's inequality, Sobolev embedding ofḢ 1 2 → L 4 and Young's inequality. In case |λ 2 | = 2, |λ 1 | = 1, we bound from (31) by
due to Hölder's inequality, (26f), Sobolev embedding ofḢ 
due to Hölder's inequality, Sobolev embedding ofḢ (30) to (27) and (32)- (34) to (31) , and subtracting
leads to
Gronwall's inequality, together with (24), deduces theḢ 3 -bound and completes the proof of Theorem 2.3.
Remark 2.1. The restrictions of x ∈ R 2 instead of T 2 , as well as X 0 ∈ H 3 instead of X 0 ∈ H s where s > 2 is any integer in the statement of Theorem 2.3 are only for the simplicity of its statement and proof; they may be immediately generalized. Theorem 2.3 is very interesting in comparison to other results on the Hall-MHD system. On the one hand, the local existence and uniqueness of the solution to the systems (1a)-(1c) with ν = 0 as well as (2a)-(2d) with ν = 0 and η = 0 is wellknown (e.g. [33, 36] ). Due to the singularity of the Hall term, as we discussed, a standard approach toward the local existence and uniqueness of the solution to the system (3a)-(3d) seems to require ν > 0 and magnetic diffusion as strong as −∆b. It required a novel work using Besov spaces techniques in [10] to reduce this condition to η > 0 and magnetic diffusion of Λ 2β b with β > 1 2 , which consists of essentially a magnetic diffusion slightly stronger than one derivative. On the other hand, the existence and uniqueness of the solution to the system (1a)-(1c) with ν > 0 as well as (2a)-(2d) with ν > 0 and η > 0 is also a classical result from [31, 36] , respectively. Theorem 2.3, which was proven by a standard energy estimates, states that such a result may be extended to the Hall-MHD system in the expense of adding an extra magnetic diffusion precisely as strong as one derivative.
That being said, the existence and uniqueness of the solution for all time t > 0 for the systems (1a)-(1c) with ν > 0 as well as (2a)-(2d) with ν > 0 and η > 0 may be in fact considerably improved. Let us now elaborate in this regard, in particular concerning the recent developments on the 2-d generalized MHD system in hope that it clarifies the path toward improving Theorem 2.3 in future works.
As we pointed out, due to (9) and (16b), the unique smooth solutions exist for all time for both systems (1a)-(1c) with ν > 0 as well as (2a)-(2d) with ν > 0 and η > 0. In fact, much better results may be deduced. Originally observed by Yudovich in [48] , if we apply a curl operator on the 2-d Euler equations (1a)-(1c) with ν = 0 and f ≡ 0, then denoting the vorticity by w ∇ × u we obtain ∂ t w + (u · ∇)w = 0 (36) from which the non-linear term (u · ∇)w cancels in any L p -estimate for p ∈ [2, ∞) so that the bound of w L ∞ immediately follows. Due to this better bound in comparison to the L 2 -bound of u in (4), it is easy to estimate from (6), similarly to (8) , and together with Brezis-Wainger type inequality from Lemma 5.3,
if s > 2 so that the 2-d Euler equations admits a unique smooth solution for all time t > 0. A natural question arises as to whether the 2-d MHD system also has a favorable vorticity formulation so that the classical result of [36] that the system (2a)-(2d) admits a unique smooth solution for all time t > 0 if ν > 0, η > 0 may somehow be improved. An answer to this question has been proven in fact to be positive if ν > 0 and the magnetic diffusion is at least as strong as a full Laplacian −η∆b; let us briefly elaborate. In 2013 and 2014, a surge of effort by various mathematicians developed in [6, 17, 26, 27, 37, 39, 40, 43, 46, 47] in which the authors considered the following 2-d generalized MHD system
and it is now known that in both cases ν = 0, η > 0, β > 1 and ν > 0, α > 0, η > 0, β = 1, this system admits a unique smooth solution for all time t > 0. As we mentioned, it is the cancellation of the non-linear term in the vorticity formulation (36) of the 2-d Euler equations that led to the result of Yudovich in [48] . Analogously applying a curl operator on (38a)-(38b) leads to
Taking L 2 -inner products on (39a)-(39b) with (w, j) leads to
due to the remarkable cancellations of not only
but also
We may bound the right hand side of (40) by the following simple estimate that seems surprisingly optimal in some sense:
by Hölder's and Gagliardo-Nirenberg's inequalities. Applying (43) in (40), we see that if η > 0, β ≥ 1, this estimate may be closed. This H 1 -bound of (u, b) is used in every one of recent developments in [6, 17, 26, 27, 37, 39, 40, 43, 46, 47] and seems absolutely necessary (elaborated in detail in [42] ). We emphasize again that it was in particular crucial that the right hand side of (40) was reduced to merely a constant multiple of |∇b| 2 |∇u|. The reason why a naive attempt to extend the approach on the recent developments on the 2-d generalized MHD system to the 2 
where
due to the fact that the solution (u, b) are still R 3 -valued. Therefore, the cancellations of (41) and (42) are simply not enough to make any significant difference. Most importantly, the term (w · ∇)u in (44a) which does not cancel upon the L 2 -estimate of (w, j)will demand −ν∆u from the viscous diffusion while obviously the Hall term will be extremely difficult to handle.
The state of the art on the existence and uniqueness of the 2-d generalized MHD system (38a)-(38d) for all time t > 0 requires ν = 0, η > 0, β > 1 or ν > 0, α > 0, η > 0, β = 1, and it is conceivable from the work of [10] and Theorem 2.3 that the Hall term essentially leads us to require an extra strength of magnetic diffusion as much as one derivative, or slightly more than one derivative. Then perhaps taking advantage of the structure of the vorticity and current density formulations (44a)-(44b), we may be able to prove the existence and uniqueness of the solution to the generalized Hall-MHD system in cases of either
. This seems to be very difficult, require a completely new idea, and we choose to leave it for future work.
Stochastic case
In this section we extend our previous discussion to the case in which the Hall-MHD system (3a)-(3d) is forced by random noise, and discuss some progress as well as open problems.
Firstly, let us denote by f i , N i , i ∈ {1, 2}, the forcing terms that are slowly and rapidly fluctuating, respectively. Moreover, we let ζ represent a Gaussian random field that is white in time, about which we refer to [41] for details. Under such notations, the author in [41] considered for following Hall-MHD system forced by random noise:
Under the standard condition of polynomial growth on the forcing terms, it was proven in [41] that in both cases of dimension three and two and a half with x being an element of a corresponding dimensional torus, a martingale solution to this system (46a)-(46d) exists for all time t > 0. This result may be seen as a stochastic analogue of Theorem 2.1. Its proof is strongly motivated by the work of [21] , and relies crucially on the identities (17) and (18) . However, similarly to the deterministic case, the path-wise uniqueness of the martingale solution in the 2
Secondly, together with Mohan, the author in [45] considered the 3-d Hall-MHD system (3a)-(3d) with ν = 0, η > 0 forced by Lévy noise and obtained a probabilistic analogue of the existence of a unique smooth solution for all time t > 0 in case the initial data is sufficiently small. It is worth emphasizing that the deterministic counterpart described in Theorem 2.2 requires both ν > 0 and η > 0 indicating that the noise may produce a type of regularizing, in fact damping, type effect.
Let us elaborate in more detail. We let x ∈ R 3 , denote by
and P H : L 2 → H the Helmholtz-Leray projection operator. We define Φ i , i ∈ {1, 2}, to be the operators from for i ∈ {1, 2}, sequences of one dimensional (1-d) Brownian motion on a probability space (Ω, F, (F t ) t≥0 , P) so that
represents a cylindrical Wiener process on H. Furthermore we let B(H \ {0}) be the Borel σ-field generated by H \ {0}, Z a measurable space where the solution has its paths such that Z ∈ B(H \ {0}), and γ i : H s × Z → H s the jump coefficients. We denote by λ(dz) the σ-finite Lévy measure on (Z, B(Z)) with an associated Poisson random measure N (dt, dz) and definẽ
the compensated Poisson random measure (e.g. [1, pg. 105] ). Finally, defining
we may write the differential formulation of the Hall-MHD system forced by Lévy noise as follows:
where X(t−) denotes the left limit of X at t. Let us state the informal definition of its local strong solution as follows:
, we define a pair (X, τ ), where X = (u, b), to be a local strong (path-wise unique) solution to the Hall-MHD system (47) if
with it being +∞ in case the infimum is not attained, (2) for all t > 0, X is a progressively measurable stochastic process such that X ∈ L 2 (Ω; D(0, t; H s )) with X(·) = (u, b)(· ∧ τ ) and D(0, t; H s ) being the space of all càdlàg paths from [0, t) to H s , (3) X satisfies (47) in its integral formulation from 0 to t ∧ τ .
The existence of a path-wise unique local strong solution to the Hall-MHD system (47) may be proven via a Fourier truncation method under the standard condition of polynomial growth and Lipschitz conditions on the operators in the noise; we refer to [45] for details. Instead, let us state the following theorem from [45] : Theorem 3.1. ( [45] ) Suppose that the hypothesis is given such that (X, τ ) the path-wise unique local strong solution to the Hall-MHD system (47) exists. Moreover, suppose that λ(Z) < ∞ and there exist constants K i > 0, i ∈ {1, 2, 3}, such that
> 0 is sufficiently small. Then for any ∈ (0, 1), there exists a constant µ = µ( ) such that
It is elaborated in detail in [44] that intuitively the noise is giving a damping type effect due to the restrictions (49a)-(49c), especially (49a). The proof of Theorem 3.1 was strongly inspired by the work of Kim in [30] .
Lastly let us elaborate on another direction of research of much interest as well as difficulty concerning the Hall-MHD system forced by random noise, namely ergodicity. Da Prato et. al. in [15] proved the existence of a unique global solution to the 1-d Burgers' equation and the existence of an invariant measure for the corresponding transition semigroup. Similar results for the 2-d NSE in [20] as well as the Bénard problem in [18] were also obtained; the uniqueness of such an invariant measure was also settled in [22, 19] (see also [3] for the study on the MHD system). Upon proving such a uniqueness of the invariant measure in [22] , a very slow decay rate to zero had to be imposed on the noise intensity coefficients and effort from many mathematicians were devoted to extend such results for more regular, degenerate noise (e.g. [23, 24, 34] and references therein). However, all these results were in a dimensional case in which the path-wise uniqueness of the solution was known, whether it is the Burgers' equation, NSE, MHD system or the Bénard problem. Moreover, in many of such works, e.g. [23, 24, 34] , the authors have taken advantage of the simple structure of the 2-d vorticity formulation. Finally, all these systems of previous study have been of semi-linear type while the Hall-MHD system (3a)-(3d) is of quasi-linear type. It is not clear at the time of writing this manuscript whether any of those results may be extended to the 2 1 2 -d Hall-MHD system for which the vorticity formulation is very complex due to the existence of a third component, path-wise uniqueness of a martingale solution remains unknown, and the Hall term heightens the level of non-linearity from the semi-linear to a quasi-linear type.
Concluding discussions
Let us summarize the open problems about which we discussed:
(1) Concerning the Hall-MHD system (3a)-(3d) with ν = 0, η = 0 in either 2 As we have discussed, concerning the existence of a unique smooth solution for all time t > 0 in case the initial data is sufficiently small, considering a certain noise allowed us to achieve this result even with ν = 0 even though the deterministic counterpart required ν > 0 (cf. Theorem 2.2 and Theorem 3.1). Therefore, it is not inconceivable that the analogous problems in the stochastic case may see some developments before the deterministic case. Nevertheless, it seems to require some new ideas, and we look forward to further developments in any of these challenging directions of research.
Appendix
The following inequality is a standard product estimate: Lemma 5.1. (e.g. Lemma A.2 [28] ) Suppose that the spatial dimension is R N for any N ≥ 2. Let
where δ ≥ 0, 1 < p k < ∞, 1 < q k ≤ ∞, and 1 p = 1 p k + 1 q k for both k = 1, 2. Then
We also recall the following Kato-Ponce commutator estimate:
Lemma 5.2. ( [29] ) Suppose that the spatial dimension is R N for any N ≥ 2. Let f, g be smooth such that ∇f ∈ L p1 ,
where p 2 , p 3 ∈ (1, ∞) and s > 0. Moreover, suppose that p ∈ (1, ∞) satisfies 1 
